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THE UNIFORM CONVERGENCE TOPOLOGY ON SEPARABLE
SUBSETS

J.A. CRUZ-CHAPITAL*, A.D. ROJAS-SANCHEZ, A. TAMARIZ-MASCARUA**,
AND H. VILLEGAS-RODRIGUEZ

ABsTRACT. For a topological space X, let (R¥X)s := (R¥,T5) be the cartesian
product of |X| copies of the real line R with the topology of the uniform
convergence on separable subsets of X. In this article we analyze the subspace
C(X) of (R¥X); of all real-valued continuous functions on X, denoted by Cs(X).
We determine when C(X) is dense and when is closed in (RX )5, and we obtain
some results about the Baire property in Cs(X). Finally, we determine the
cellularity of Cs([0, a]) where [0, @] is the space of ordinal numbers belonging
to a 4+ 1 with its usual order topology.

1. INTRODUCTION, NOTATIONS AND BASIC DEFINITIONS

The space C(X) of all continuous real-valued functions provided with the topol-
ogy of the uniform convergence on separable subsets of X was first analized in [16]
where several questions are posed. In this article, we continue with the study of this
kind of topological spaces. First, we recall the constructions on C(X) of uniform
topologies on a semi-base of an ideal in X, and the a-open topology where « is
a m-network and their basic properties (Section 2). Moreover, we characterize the
spaces X for which Cs(X) is dense in (R¥), (Section 3), analize the Baire prop-
erty for spaces of the form Cs(X) (Section 4), and in Section 5 we determine the
cellularity of Cs([0, «)) where « is an ordinal number.

All topological concepts that are not defined here should be understood as in [5],
and all topological spaces consider in this paper are assumed to be Tychonoff with
more than one point.

For spaces X and Y the symbol X 2 Y means that X is homeomorphic to Y.
When X and Y are two topological spaces with the same underlying set, the symbol
X <Y means that the topology of X is finer than the topology of Y. When X <Y
and X 2Y we will write X < Y. The closure of a subset I of a topological space
X is denoted by clx F', or briefly by clF.

As usual, given a topological space X, C(X) denotes the collection of all contin-
uous real-valued functions whose domain is X. If f € C(X),and F C X, f | F is
the function belonging to C(F') satistying (f | F')(z) = f(z) for every xz € F.
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Given a set X and a cardinal x, the symbol [X]<* will denote the collection of
all subsets of X which have cardinality < k. A similar convention will apply to
[X]=*. Finally, [X]" is the set of all subsets of X whose size is precisely .

The first infinite ordinal is w. The set w \ {0} will be denoted by N. With w; we
mean the first uncountable cardinal. In what follows, A, x, 7 and 8 denote cardinal
numbers, and «a, 1, §, £, 7, p and ¢ denote ordinal numbers. For an ordinal number
&, [0,€) (resp., [0,£]) denotes the space of all ordinals strictly less than £ (resp.,
strictly less or equal to £) with its order topology, and for every set X, D(X) is the
discrete space of cardinality | X|. The cardinality of the set of real numbers R, will
be denoted by c.

2. BASIC RESULTS ON UNIFORM CONVERGENCE TOPOLOGIES

In this section we recall the basic knowledge about uniform convergence topolo-
gies. The results presented here are known. The proofs can be found in [13]. In
what follows, « is a non-empty collection of non-empty subsets of a topological
space X.

Let S, be the collection of all sets of the form [A,U] = {g € C(X) : g[A] C U}
where A € o and U is an open subset of R. Let B, be the collection of all sets of the
form (S’ where &' is a finite subcollection of S. Finally, let T, be the collection
of all sets of the form (J B’ where B’ C B,.

Now, let B, be the collection of all subsets of the form V°(f, A,e) = {g €
C(X) : supzealf(r) —g(x)| < €} where f € C(X), A€ aand € > 0. And let Ty,
be the collection of all subsets of the form | J B’ where B’ is a subset of By 4.

Proposition 2.1. For each space X and each «, the collection Ty, is a topology on
C(X).

For each «, T, is called the a-open topology on C'(X). The set C(X) equipped
with this topology T, is denoted by Cy (X).

Definition 2.2. A collection « of subsets of X is an ideal in X if (i) 0 € «, (ii)
AUB € «a, whenever A, B € «, and (iii) every subset of an element in « belongs to
a. The collection « is a base of ideal if for each A, B € « there exists C' € a such
that AU B C C. And « is a semibase of an ideal if for each A, B € « there exists
C € a such that AUB C C.

Proposition 2.3. For each space X and each «, the following statements are
equivalent:

(1) the collection Ty, is a topology on C(X);
(2) the collection Ty is a topology on C(X) such that for each f € C(X),
Ve(f)={V°(f,A¢e): A€ a,e >0} is a local base at f of open subsets;

(3) « is a semibase of an ideal.

For each semibase of an ideal «, Tq, is the uniform topology on the elements
of & on C(X). Observe that in this topology, the collection of all sets of the form
V(f,Ae) = {g € C(X) : Vz € A(|f(x) — g(z)] < €)} where A € a and € > 0
is a system of (not necessarily open) neighborhoods of C, ,,(X) at f. We denote
the topological space (C(X), Ta.u) by Caw(X). In the case where X is an element
in the semibase of ideal «, then 7, , is denoted by 7, and is called the uniform
convergence topology on X . In this case, Cy . (X) is denoted by C,(X). It occurs
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that the collection of sets of the form V°(f, X,€) where f € C(X) and € > 0 form
a base for 7.

Notation: Expressions such as Cy (X) < Cg 4 (X), Co(X) < Cs(X) and Cy (X) <
Cpu(X) mean Tou € Ta.u, Ta C Tp and T, C Tp 4, respectively.

For each a, we denote by a, a_and I the collections {A C X : A is the union
of a finite subcollection of a}, {4 : A € a} and {B C X : 34 € a(B C A)},

respectively. Observe that for each «, « is a base of an ideal; moreover, Iz is the
ideal generated by a.

Proposition 2.4. For each space X and each o, we have:

(1) Ta = Ta;
(2) Ta € Ty

A subset A of a topological space X is C-compact if for each f € C(X), f[4] is
a compact subset of R.

Proposition 2.5. Let a be a collection of C-compact subsets of X. Then, To = Tx-

For each «, we define J, = {B C X : B=clxB and 3A € o(B C A)}. Observe
that if «/ is a semibase of an ideal, then @ and .J5 are bases of ideals.

Proposition 2.6. For any space X and any semibase of an ideal o of subsets of
X we have:

(1)7;11‘:7:11“'
() au;
(3) Tau = Trzus
(4) au—Tl—u—Tu—Tzu

Remark 2.7. (1) The collection {X} is a semibase of an ideal.
(2) If o is a semibase of an ideal, then 8 = a U {X} is a semibase of an ideal
too and Tow < Tgu = Tixy = Tu-
(3) If each element in @ belongs to «, then T5 C Ty,

A collection « of subsets of a topological space X is closed under closed countable
subsets if when A € « and F' C A is countable and closed in A, then F € a.

Proposition 2.8. Let a be a semibase of an ideal which is closed under closed
countable subsets. Then, the following assertions are equivalent:

(1) Each element of a is C-compact in X ;

( ) ( ) Cx ( ) < Ca,u(X) = Coz,u(X) < Cu(X)I
(3) Ca(X) < Cou(X);

(4) Ca(X) < Cu(X).

A collection a of nonempty subsets of X is a w-network for X if every nonempty
open subset of X contains at least an element of a.

Proposition 2.9. For each X and each «, Ty is Hausdorff if and only if a is a
m-network for X.

Proposition 2.10. For each X and each semibase of an ideal o on X, To ., is
Hausdorff if and only if |« is a dense subset of X.



4 J.A. CRUZ-CHAPITAL, A.D. ROJAS, A. TAMARIZ, AND H. VILLEGAS

Observe that T, is a topology defined by an uniformity, so Cy. ., (X) is com-
pletely regular. Since we are only considered Tychonoff spaces in this paper, in what
follows every base for an ideal on X will be consider, without explicit mention, such
that |« is dense in X.

Definition 2.11. Let x be an infinite cardinal. If X is a topological space and
a = [X]<*, then we define Cj, ,(X) := Cq (X). In particular,

(1) Cy, u(X) will be denoted by Cs(X) and its topology will be called the
topology of pseudouniform convergence.

(2) When k = w, we obtain C,(X), the space of continuous functions on X
equipped with the topology of pointwise convergence.

Let X be a topological space. If « is the collection of all compact subsets of
X, Cqu(X) will be denoted by Ci(X). It is a consequence of [10, Theorem 1.2.3]
that if one considers the cartesian product R* endowed with the compact-open
topology (see [, Section 3.4]), then the relative topology of C'(X) coincides with
the topology of Cj(X).

When o = {X}, we let C(X) := Cq(X). It is straightforward to verify
that C,(X) is the subspace C(X) of R¥ endowed with the topology of uniform
convergence (see [5 Section 2.6]). In particular, Cy,(X) is metrizable.

It should be clear that C, ,(X) < C,(X) for any a.

Definition 2.12. Let « be a semibase for an ideal on a topological space X. We
say that « is pseudouniform on X (or simply pseudouniform when there is no risk
of confusion) if for every sequence (fy, : n € w) in C(X) and all f € C(X) we have
that (f, : n € w) converges to f in Cy . (X) (fn — f) implies that (f, : n € w)
converges to f in Cy(X) (fn = f).

Note that if o is pseudouniform on X and C, ,(X) < Cs,(X), then 3 is pseu-
douniform as well; o = [X]<“! is a pseudouniform base of ideal, and all pseudouni-

form base of an ideal have dense union, and then it defines a Tychonoff topology
on C(X) (see [16]).

Theorem 2.13. If a is a semibase for an ideal on X with dense union, the following
statements are equivalent.

(1) « is pseudouniform.

(2) For every family {U, : n € w} of nonempty open sets in X there exists
A € « such that the set {n € w: U, N A # 0} is infinite.

(3) For every cellular family {U, : n € w} of non empty open sets of X there
exists A € a such that the set {n € w: U, N A # (0} is infinite.

Example 2.14. (Example of a topological space X such that Cy(X) is a pseu-
douniform topology satisfying Cr(X) < Cs(X) < Cu(X).) Let A be a maximal
collection of subsets of wy which satisfies the following conditions: (i) Each element
in A is countable and infinite, (ii) if A,B € A are different, then |[A N B| < w.
Let X = ¢(A) be the Mréwka-Isbell space on wy. Then, X is pseudocompact and
locally compact. Thus X is almost pseudo-w-bounded (Proposition 4.9 en [I6]).
This means that Ci(X) is pseudouniform. Moreover, every compact subset of X
is separable. This fact implies that Cy(X) < C5(X) (Proposition 5.3.(2) in [16]).
Since X is not separable, Cs(X) # Cy(X).
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Now we are going to verify the inequality Cy(X) < Cs(X). If Ci(X) = C5(X)
then X would be w-bounded (Proposition 5.3.(1) in [16]). But each infinite count-
able subcollection of A is closed and discrete, so X is not w-bounded (w-bounded =
the closure of each countable subset is compact). Therefore, Cj(X) is pseudouni-
form and Cx(X) < Cs(X) < Cy(X). In particular, Cs(X) is not minimal among
the pseudouniforme topologies of C(X).

Example 2.15. (Example of a topological space X such that Cy(X) is a pseu-
douniform topology with Cs(X) < Cr(X) < Cy(X).) Let s be a cardinal number
> wp and of uncountable cofinality. Let X = [0,k). Since X is pseudocompact
and locally compact, then X is almost pseudo-w-bounded. (Even more, [0, k) is
almost pseudo-w-bounded iff [0, k) is countably compact iff cof(x) > w.) That is
C(X) es pseudouniform. Furthermore, X is w-bounded because cof(x) > w. Thus,
Cs(X) < Ck(X). On the other hand, C4(X) < Cr(X) because if we assume the
contrary, every compact subset of X would be contained in a separable subset of X
(Proposition 5.3 in [16]), but [0, w1] is compact and it is not contained in a separable
subspace of [0, k) (The closure of every countable subset of [0, ) is still countable).
Then, Cs(X) < Cr(X). Moreover, C(X) < C,(X) because X is not compact [12]
Theorem 1.1.4, p. 5]. (By the way, Ck([0,%)) is a k-espace iff cof(k) = w. See
Theorem 4.7.4, p. 64, and exercise 11, page 71 in [12].)

3. WHEN 18 C4(X) DENSE IN (R¥),?

Definition 3.1. A space X is C,-discrete if each countable subset of X is C-
embedded in X.

Observe that if X is C,,-discrete, then every countable subset of X is closed and
discrete.

Lemma 3.2. If Cs(X) is dense in (RX), then for each countable subset N = {z,, :
n < w} of X there exists a collection V = {V,, : n < w} such that V, is a closed
neighborhood of x,, in X for each n < w, such that the elements of V are pairwise
disjoint and V is locally finite in X . In particular, N is closed and discrete.

Proof. If N is finite, the conclution is obvious. Assume then that z, # x,, if
n # m. Consider the function f € RX defined as f(x,) = n and f(y) = 0 if
y & N. Since Cs(X) is dense in (R¥),, then there exists ¢ € C(X) such that
g € V(f;N;1/4) = {h € RX : Vz € N,|f(z) — h(z)| < 1/4}. It occurs that
Tn € By = g (n—1/4,n+ 1/4)]. Let V,, = g~ [[n — 1/4,n + 1/4]]. Each V,
is a closed neighborhood of z,, in X. We prove now that V = {V,, : n < w} is
a locally finite family in X. Let a € X and let g(a) = r € R. The collection
A= {n-1/4,n+1/4] : n < w} is locally finite in R. Therefore, there is a
neighborhood C of r which intersect only a finite subcollection of elements in A.
The set g~ 1[C] is a neighborhood of a which intersect only a finite subcollection of
elements in V. O

The following result shows that the concept of pseudouniformly dense introduced
in [I5] coincide with the C,,-discreteness.

Theorem 3.3. Cy(X) is dense in (RX) if and only if X is C,-discrete.

Proof. Let X be C,-discrete. Let f € RX and let V(f;Nie) = {h € RX : Va €
N,|f(z) — h(z)| < €} be a canonical neighborhood of f in (RX), where N = {z,, :
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n < w} with x, # x,, if n # m. The set N is discrete, so f | N : N — R is
continuous. Since X is C-discrete, then N is C-embedded in X. This means that
there is a function h € C(X) such that h [ N = f. Hence h € V(f; N;e).

Now assume that Cs(X) is dense in (R¥);. Let N C R be equal to {z,, : n < w}
with x, # z, if n # m. By Lemma we find, for each n < w, an open
neighborhood B,, of x,, in X such that {clx B, : n < w} is a locally finite collection
in X which elements are pairwise disjoint. Let g : N — R be a function; since
N is discrete (Lemma [B2), g is continuous. For each n < w, let h, : X — R be
a continuous function such that hy(z,) = g(z,) and h,(y) = 0if y & B, (X is
Tychonoff). Since {B, : n < w} is a pairwise disjoint locally finite collection, the
function h = ¥, < h, is a well defined continuous function. Moreover, h | N = g.
That is, N is C-embedded in X. O

Corollary 3.4. If X is pseudocompact and infinite, then Cs(X) is not dense in
(R¥)s.

Proof. Indeed, if X is pseudocompact, it does not have a C-embedded copy of N
([6, Corollary 1.20]), so X is not C,,-discrete. O

Example 3.5. There are spaces X in which the closure of every countable subset
is C-embedded in X, but Cs(X) is not dense in (RX)s. This is the case of every
infinite compact space X.

Lemma 3.6. Let u be an Euclidean and bounded uniformity on R. If N is a
countable topological space, then (RV), = (RY),.

Proof. Let f € RY and let V°(f; N’ e) = {£ € RY : sup,en/|f(z) — &(x)] < €} a
canonical neighborhood of f in (RY),. Let g € V(f; N’,¢). It follows that there
exists 0 < e such that |f(z) — g(x)| < § for each x € N'. Then g € V(g; N, (e —
5)/2) CV(f;N',(e — d)/2n) because h € V(g; N, (e — §)/2), then for each z € N’,
(&) — h(@)] < 1) = 9(@)| + 9(x) — h@)] < 6+ (c — 8)/2 = (6 +€)/2 < e. This
prove that 7; C T, in RV,

Now, for each f € RY, V°(f; N;e) is an element of 7, in RY because N is
countable. (]

Theorem 3.7. Let X be a topological space. If f € RX belongs to clrx) Cs(X),
then for every N € [X]S%, f | N is continuous.

Proof. Let f € clrx),Cs(X) and let N € [X]=“. A local base of neighborhoods
of f in (RX), is constituted by the collection {V(f;N;e) : N € [X]<%} where
V(f;N;e)={g e RX :Vz € N, |f(z) — g(z)| < €}. So, since f € clrxy, Cs(X), for
each € > 0, YN/(f, N €) contains a function g € Cs(X). In particular, each uniform
neighborhood V(f | Nie) of f | N in (RY), contains a continuous function (in
this case g [ N). That is, f [ IV belongs to clgn~), Cs(N). But s is the topology of
the uniform convergence on RY because N is countable; that is Cs(N) = C,(N),
where u is the uniformity on R generated by a bounded metric equivalent to the
Euclidean uniformity. But (RY),, is metrizable (see Theorem 4.2.20 in [5]), and so,

there exists a sequence (fy,)n<w of elements in C\, (V) which uniformely converges to
f I N. By Theorem 4.2.19, p. 264, in [5], this means that f [ N is continuous. O

Proposition 3.8. Let X be a topological space and let f € RX. If f belongs to
clrx),Cs(X), then for each N € [X]=¥, f | N € clo,(n)nn[Cs(X)].
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Proof. Assume that f € R belongs to clgx),Cs(X). Let us see that if N € [X]=%,
then f | N € clo,(nymn[Cs(X)]. Let N’ € [N]=“ and let € > 0. Thus, there
exists ¢ € Cy(X) such that ¢ € V(f;N';e). It follows that g | N € Cy(N)
andV(fN’ e)NCs(N) = {h € C(N) : Vo € N',|h(z) — f | N(z)| < ¢} =
V(f ;€) whih is a canonical neighborhood of f in Cs(/N). This means that
f TN € CZCS(N)WN[C (X1 0

For each topological space X and each x in X, we denote by V(z) the collection
of all neighborhoods of z.

Proposition 3.9. Let X be a space with countable tightness (t(X) = w). If f € RX
and for every N € [X]S%, f | N is continuous in N, then f is continuous in X .

Proof. Assume that f satisfices the conditions of the proposition and f is dis-
continuous at z € X. Then, there exists € > 0 such that for every V € V(z)
there is xzy € V such that f(zv) € (f(2) — €, f(2) +€). Of course, in partic-
ular 2y # z. Then z € cix{zv : V € V(z)}. Since t#(X) = w, there exists
N C{zy : V € V(2)}, countable, such that z € clx N\ N. By hypothesis, it occurs
that f | N U{z} is continuous. On the other hand there exists a neighborhood B
of zin NU{z} such f(B) C (f(2) — €, f(2) + €). This means that several y € N
satysfy f(y) € (f(2) —¢, f(z) +¢). But N C {xy : V € V(2)}, and we obtain a
contradiction. So, f must be continuous in X. O

Proposition 3.10. If X has countable tightnes, then Cs(X) is closed in (RY)s.

Proof. Indeed, if f € clgx),Cs(X), then for every N € [X]=¥, f | N € C(N)
(Theorem B7). By Proposition B9, f € C(X). O

Proposition 3.11. The following statements are equivalent for a space X :
(1) Cs(X) is closed in (RX),;
(2) f € C(X) if and only if for each N € [X]=* and each € > 0, there exists
g € C(X) such that for any x € N, |f(z) — g(z)| < €;
(3) f € C(X) if and only if for each N € [X]|=% and each € > 0, there erists
g € C(X) such that g € V(f,N,e).

Theorem 3.12. Let X be a space with countable tightness and f € RX. Then, the
following conditions are equivalent:

(1) f is continuous;

(2) for every N € [X]=%, f | N is continuous;

(3) for every N € [X]|=%, f | clx N is continuous.
Proof. The implications (1) = (3) and (3) = (2) are obvious. The implication (2)
= (1) is Proposition B9l O

Proposition 3.13. C,(X) = (RY), if and only if X is discrete.
Proof. If X is discrete, then C(X) = RX. Thus, Cs(X) = (RX),. Now, if
Cs(X) = (R¥X)s, then every function defined on X is continuous. So, if z € X

the characteristic function .} is continuous. This implies that {z} is open. So X
is discrete. O

Corollary 3.14. A space X is discrete if and only if X is C,-discrete and has
countable tightness.
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Proof. Of course, if X is discrete, then it is C,-discrete and with countable tight-
ness. Now, since X is C,-discrete, then Cs(X) is dense in (R¥)s (Theorem [3.3)
and since X has countable tightness, Cs(X) is closed in (R¥), (Proposition B.10).
So, Cs(X) = (R¥),. By Proposition .13, X is discrete. O

Proposition 3.15. If X has countable tightness, then A C X is closed in X if and
only if AN N is closed in N for every N € [X]|=%.

Proof. Suppose that X have countable tightness. Let A C X. Obviously, if A is
closed in X, then for any N € [X]S% AN N is closed in N. Suppose then that
ANN is closed in N for all N € [X]=%. We are going to show that A is closed in
X. Let x € clxA. Since X has countable tightness, there exists B C A countable
such that = € clx B. Then B U {z} is a countable set. Therefore, (BU {z})N A is
closed in BU{z}. If z ¢ A, then (BU{z})N A = B is closed in BU {x}. This
means that there is an open U in X such that x € U and BNU = (), which is a
contradiction to the hypothesis z € clx B. So z € A. This means that A is a closed
subset of X. O

4. COMPLETENESS TYPE PROPERTIES IN Cy(X)

A space is called Cech-complete if it is a set of type Gs in some (hence in
any) Hausdorff compactification of it. For metrizable spaces, Cech completeness is
equivalent to metrizability by a complete metric, so C,,(X) is Cech-complete, since
it is a complete metric space. It is well known that every Cech-complete space is a
k-space. So, by Theorem 5.4 in [15] we have:

Proposition 4.1. C,(X) is a Cech-complete space if and only if d(X) = w.

A space X is a Baire space if for every sequence Gy, G, ... of open dense subset
of X, the intersection ﬂfil G is a dense set. Every Cech-complete space is a Baire
space [5].

Theorem 4.2. If Cs(X) is a Baire space, then every pseudocompact subspace of
X is contained in a separable closed subset of X.

Proof. Assume that A C X is pseudocompact, and that for every separable closed
subset F' of X, A\ F # (. Put, for each n < w, G,, = {f € Cs(X) : Iz € A(f(z) >
n)}. We show that G,, is open and dense in Cs(X). Let f € G,,. Take an z € A
such that f(z) > n. Put § = f(x) —n > 0 and consider the canonical neighborhood
of f, V(f,x,0) in Cs(X). Clearly, f € V(f,z,d) C G,. Hence G, is open in Cy(X).

Now, let V (g, E, ¢) be a canonical neighborhood of g in Cs(X). By hypothesis,
there is a y € A\ E. Since X is Tychonoff there is f € Cs(X) such that f(y) =
n+1—g(y) and f(z) = 0 for every z € E. Define h = f+g. Then h € G,NV (g, E, ).
Hence G,, = Cs(X).

Since Cs(X) is a Baire space, there is [ € N{G,, : n < w}. Then for each
n < w there is a x, € A such that I(z,) > n, which is impossible since A is
pseudocompact. (I

Corollary 4.3. Let X be a non separable space. If Cs(X) is a Baire space, then
X s not pseudocompact.

Theorem 4.4. If X is C,-discrete, then Cs(X) (resp., (RX)s) is a Baire space.
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Proof. Let (D,, : n < w) be a sequence of open dense subsets of C5(X). Let U be
an arbitrary non-empty open set in Cs(X). We define four sequences by induction:
a sequence (f, : n < w) of elements in C,(X); a sequence (E,, : n < w) of countable
subsets of X; a sequence (W,, : n < w) of open subsets in Cs(X); and a sequence
(€n : n < w) of real numbers; all these satisfying, for each n < w, the conditions:

) Vo(fn, En,€n) C W, C co,xyWn € D, NU,
Vo(fn-l—luEn-i-laen-l-l) g Vo(fnaEnuen)u

We choose an arbitrary function fo € Do N U. Since Cs(X) is a regular space,
there is an open set Wy of Cs(X) such that fo € Wy C cle, (x)(Wo) € Do NU;
and by definition of the canonical neighborhoods of C(X), there is a countable set
Ey C X, and €9 > 0, that we can suppose to be < %, such that V°(fo, Eo, e0) C
Vo. Assume that we have already choose fo,..., fn, Wo,..., Wy, Eqg,..., E, and
€0, - - - , €, satisfying conditions (a)-(d).

Since D41 is dense, VO(fn, En,€,) N Dypy1 NU # &. We choose then a function
fon+1 € VO(fu,En,€n) N Dypy1 NU. Repeating the argument for the step 0, we
can chose an open set W,11, a countable set F,11 C X, and €,+1 > 0 such
that Vo(fn+1,En+1,€n+1) g WnJrl Q CZCS(X)WnJrl g Vo(fn,En,En) n Dn+1 NnU.
Notice that E,4+; and €,41 can be choosen such that F, C E,;; and €,11 <
min{e,, 1/2"*2}. Continuing this process, we obtain the required sequences.

(x) Observe that for every n > k and for every = € Ey, |fun(z) — fu(2z)] < e,
because f, € V°(fn, En,€n) C V°(fk, Fk, €k)-

Let E be equal to |J,,.,, En. Since X is C,-discrete, E is discrete. We define
now (g, : n < w) in C(E) by

(z) = folz) ifz € E,
In N fn-i—m(x) ifxe En-l—m\En-i-m—lu m = 17 2737

The sequence (g, : n < w) is Cauchy in C,(F). Indeed, let ¢ > 0 and let
N, < w such that ¥;>n, (1/2%) < e. For each i € N, if z € E;, |g:(z) — gi1(z)| =
|fi(z) = fix1(z)| < 1/27F1 and if i € E\ Ey, gi(z) = giy1(x). Then, if k > m > N,
|9m (@) — gi(@)] < D= 11(1/2°) < Dixn (1/27) <e.

By Lemma[3.6land because C,, (E) is completely metrizable (indeed, the topology
of C,(X) is defined by the bounded complete metric p defined on R by p(x,y) =
min{|z —y|,1}, and the uniformity defined by p in C(X) and that defined by the
absolute value are the same; see Theorem 4.2.20 in [5] and Theorem 1.2.6 in [12]),
(gn : n < w) converges uniformly to some (continuous) function g € C(E).

Since X is C\,-discrete and F is countable, there is a continuous function h €
C(X) such that h | E = g. Finally, we are going to show that h € D, NU for each
k <w. Let k < w be fixed.

Since (g, : n < w) uniformely converge to g in F, for each € > 0, there is N, < w
such that |g(z) — gn(x)|] < € for every € E and every n > N.. So, for every
© € By, and every n > maz{Ne, k}, [9(x) = fr(2)] <|g(x) = fu(x)|+[fn(x) = fr(2)] =
lg(z) = gn ()| + | fr(z) — fr(2)] < e+|fn(z)— fr(x)|. Because (*), above, we conclude
that |g(z) — fr(x)| < € + € for every x € Ej. Since € is an arbitrary positive real
number, we have therefore the following relations |g(z)— fx(z)| = |h(z)— fr(x)| < e
for every x € Ey. But this implies that h € clg, (x)V°(fx, Bk, €x)-
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Indeed, let V (h, H, €) be a canonical neighborhood of h. First case: H N Ey, = .
We have that HU FE}, is countable and so discrete. Then, the relationt : HUE, — R
defined by t(z) = h(z) if z € H and t(z) = fx(z) if x € E} is a function (and then
a continuous one on H U Ey). Since X is C,-discrete, there is a continuous map
t' € C(X) such that ¢ | HU E, = t. The function ¢ belongs to V(h, H,¢) N
V(fx, Fk,€r). Second case: H N Ey, = M is not empty. Again, H U E}, is discrete
being countable. Let € > 0. Take 6 > 0 such that § < min{e, ex}. We define
the relation ¢t : H U E;, — R as follows: ¢(x) = h(z) if either x € H\ M or
x € M and |fx(z) — h(z)| < €k, and t(z) = fr(z) f x € Exy \ M. If x € M and
|fx(z) — h(z)| = ek, we have two possible cases: First, h(xz) = fi(x) — €g; in this
case we define t(z) = h(x) + d. Second case: h(x) = fr(x) + €; in this case, we
define t(z) = h(z) — 6. The relation ¢ belongs to C(H U E}). Since X is C,-
discrete, there is ¢’ € C(X) such that ¢’ | (H U Ey) = t. In any case we have that
t' e V(h, H e)N V(fk, Ey, ex). All this proves that h € ClCS(X)V(fka Ey, €x).

Since CZCS(X)VO(fk, Ey, Ek) - ClCS(X)Wk C DpNU, we have that h € (ﬂn<w Dk)ﬁ
U; that is, (1, ., Dk is a dense subset of C(X). Therefore, C5(X) is a Baire space.
On the other hand, if Cs(X) is a Baire space, then (R¥), is too because C,(X)
is dense in (R¥X)s. O

The following concepts appears in [12]. A subfamily F of a family G will be said
to move off G provided that for each G € G, there exists F' € F which is disjoint
from G. A family of subsets of X is strongly discrete provided that the members of
the family have neighborhoods which form a discrete family in X.

Theorem 4.5. Let X be a non-separable w-normal topological space. If Cs(X) is
a Baire space, then each move off family of separable closed subsets of X contains
a strongly discrete countable collection.

Proof. For each n < w, let D, = g rinte, (x)V(n+ 1/2,E,1/2), where F moves
off the family of separable closed subsets of X. Of course D,, is open. We claim
that Dy, is dense in Cs(X). Indeed, let f € Cs(X) and let V(f, H, €) be a canonical
neighborhood of f. Since F moves off the collection of all separable closed subsets
of X, there is E € F such that H N E = (. Since X is w-normal, there is a
real valued continuous function h defined on X which is equal to the constant
function n +1/2 on E and is equal to f | H on H. It is possible now to prove that
h € intV(f, H,e)NV(n+1/2, E,1/2). This means that D,, is dense in Cs(X). Since
Cs(X) is a Baire space, there is a function g € (,,_,, Dn. Hence, for each n < w,
there exists E,, € F such that g € V(n+1/2, E,,, 1/2); that is, n < g(z) < n+1 for
each v € E,,. If we take V,, = g~ ![(n,n + 1)], then each V;, is open and E,, C V.
Moreover, it is easy to prove that the collection {V,, : n < w, n is odd} is a discrete
sequence. O

Corollary 4.6. Let X be a mon-separable w-normal topological space such that
the clousure of every countable subset is countable. If Cs(X) is a Baire space, then
every collection of cardinality wy of closed separable subsets of X contains a strongly
discrete sequence.

Proof. Indeed, if F is a family of closed separable subsets of X and |F| = w1, then
F moves off the collection of all closed separable subsets of X. (|
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Definition 4.7. A topological vector space X is locally convex if the origin has a
local base made up of convex neighborhoods.

Definition 4.8. Let X be a vector space over R and A C X. We say that A is
balanced if, for all & € R with || < 1, we have that o - A C A.

Definition 4.9. A locally convex vector space X is of type Baire if for any increas-
ing sequence {4, : n € N} formed by convex and balanced closed sets such that
X = U, en An, there exists n € N such that A, is a neighborhood of the origin.

All Baire locally convex vector space is of type Baire.

Theorem 4.10. Cs (X) is a locally convex vector space if and only if X is pseu-
docompact.

Theorem 4.11. If X is pseudocompact and Cs (X) is of type Baire, then X is
separable.

Proof. For each n € N we define
Ap = {fEC'S(X) :sup |f (z)] §n}
reX

The family {4, : n € N} is an increasing sequence of convex balanced subsets of
Cs(X). Besides, each 4,, is a closed subset. Indeed, if g ¢ A,,, then there exist z €
X and s € R such that |g (z)| > s > n and so we have V (g, z,s — n) C Cs (X)\ A,.
This last contention occurs since if f € V (g,2,s —n), then

lf @I =lg@)=1g(z) - f)]>s=(s—n)=n
which implies that f ¢ A,.
Now, as Cs (X) is of type Baire, there exists n € N such that 0 € int (A,).
Therefore, we can take a separable closed subspace D C X and € > 0 such that

V(0,D,¢) C A,.

To conclude the proof, it will be shown that D = X. Supposing that there is
z € X \ D, since X is Tychonoff and D is closed, you can get f € C'(X) such that
f(z)=n+1land f [p=0. Hence f € V(0,D,¢) and therefore |f ()| < n for
all x € X. In particular, f (z) < n, which is impossible since f (z) = n + 1. This
proves that D = X and therefore X is separable. (I

Corollary 4.12. If X is pseudocompact and not separable, then Cs (X) is not of
type Bajire.

5. CELLULARITY OF Cs(X) FOR SPACES OF ORDINALS

In this section we study the cellularity of C([0,~] x X) where [0, 7] is the collec-
tion of all ordinal numbers belonging to «v and with the topology generated by its
usual order. In particular, we prove that under certain assumptions (see Theorem
B7) the cellularity of this kind of spaces is always bounded by w;. As a conse-
quence of this we completely determine the cellularity of C(X) where X is a space
of ordinals.

The cellularity of C5(X) has already been studied by the last three authors in
[15]. In that paper, compact metrizable spaces are characterized by means of the
following theorem.
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Theorem 5.1. (Theorem 7.3, [I5]) ¢(Cs(X)) = w if and only if X is compact
metrizable.

The previous theorem is important for many reasons. Particularly it represents
on of the many examples in which classical topological properties associated to X
can be studied by analyzing cardinal functions on Cs(X). The next natural step
is to study spaces for which ¢(Cs(X)) = wi. In order to do that, we will need the
following lemmas.

Lemma 5.2. Let X be space and let Y be a clopen subset of X. Then the function
H:Cy(X) — Cs(Y) x Co(X\Y) given by H(f) = (flv, flx\y) is an homeomor-
phism.

In the following proposition we make use of elementary submodels. The reader
unfamiliar with this technique can learn more in [3] or [I7].

Lemma 5.3. (Weak A-system lemma) Let A be a family of countable sets with
|A| = wa. There is a countable set R and a subfamily B € [A]“? with the following
property:

VF,GeEB(F#AG—-FNGCR).

We call B a weak A-system with weak root R.

Proof. Let X be sufficiently large and let M be an elementary submodel of H(\)
with the following properties:
(1) Al = wi,
(2) Ae M,
(3) For every X € [M]“ there is R € M N[M]“ for which X C R. In particular,
this implies that X C M whenever X € M and |X| < w;.

Since the cardinality of A is greater than wy, there is A € A\ M. Note that ANM
is countable, so there is R € M N[M]“ for which ANM C R. Zorn’s lemma implies
that there is a subfamily of .4 maximal with respect to the property of being a Weak
A-system with weak root R. Using elementarity, we can take B € M as a witness of
the previous fact. To finish, it is enough to prove that |B| = ws. Suppose towards
a contradiction that this is not the case. By property (3), it must happen that
B C M. Take an arbitrary B € B, since B is countable (remember that B € A) it
is also true that B C M. Thus, BNA=BNMNACBNRC R. In this way,
BU{A} is a weak A-system with weak root R. Consequently, BU {A} = B which
means that A € M. This is a contradiction so we are done. (|

Definition 5.4. Let X be a space and s be a cardinal number. We say that X is
k-Knaster if each family of ¢ of non-empty open sets with [U| = & there is V € [U]"*
such that UNV # ) for any U,V € V.

The following proposition resumes all the properties which related to k-Knaster
spaces that we will use.

Proposition 5.5. Let X and Y be two spaces and let k be a cardinal number.
Then:
(1) If d(X) < k, then X is k-Knaster.
(2) If X and Y are both k-Knaster, then X x Y is k-Knaster.
(3) If X is k-Knaster and Y is a continuous image of X, then 'Y is also k-
Knaster.
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(4) If X is k-Knaster, then X has no cellular family of size k. In particular,
if K s a successor cardinal then ¢(X) < k.

As a corollary of Lemma and the point (2) in Proposition we have the
following.

Corollary 5.6. Let k be a cardinal number, X be a space and' Y C X be a clopen
subspace of X. If Cs(Y') and Cs(X\Y') are both r-Knaster then Cs(X) is k-Knaster.

Theorem 5.7. Let X be an w-bounded space for which Cs(X) is wa-Knaster.
Then Cs([0,7] x X)) is wa-Knaster for any non-empty ordinal ~v. In particular,
c(Cs([0,7] x X)) < wr.

Proof. Fix X as in the hypotheses. We will prove the theorem by induction over ~.
If v = 1 the result is immediate. For the inductive step of the proof, we first deal
with the case where v = 7/ + 1 and the theorem holds for . it suffices to note that
[0,7] x X can be partitioned into the clopen sets [0,v'] x X and {7} x X. Thus, the
conclusion holds due to the induction hypothesis and Corollary[5.6l Finally, we deal
with the case where v is a limit ordinal and the result hold for each o € [0,7]. We
start by taking a family of ws open sets in C([0, ] x X). Without loss of generality
that family can be written as (V' (fe, Fe, €))¢cw, where the following conditions hold
for each ¢ € wa:
o fe € Cs([0,7] x X),
o Fy = G¢ x A¢ where G¢ and A¢ are closed separable subsets of [0, ] and
X respectively and v € G¢. In particular, both A¢ and G¢ are compact G¢
is countable.
Our goal is to find distinct &, ¢’ € wo for which V(fe, Fe,e¢) NV (fer, Feryep) # 0.
Given £ € wy, let he : X — R be defined as:

he(x) = fe(v, @)

Since Cy(X) is wa-Knaster, we can find A € [wy]*? with the property that any two
elements of the family (V' (he, A¢, §))eca have non-empty intersection. Momentarily
let us fix £ € A. As f¢ is continuous, for each x € A¢ there are 8, < 7 and an open
neighborhood U, C X of x for which fe[[8:,7] x Us] C (z — £,z + £). Note that
|fe(v,y) = fe(a,y)| < 5 for eachy € A and « € [B,,7]. Now, A¢ is compact so there
is a finite S C A, for which {U, | x € S} covers As. Consider S = max{f; |z € S}.
By a previous observation,

felra) = Jeln )] < 5

for each © € A¢ and o € [B¢, ]
The rest of the proof is handled in two cases.

First case. If cof(vy) = w. In this case we can take a countable set M C ~ with
sup M = ~. For every £ € A there is § € M for which f¢ < 8. Since ws is regular
and |A| = wy there must be B € [A]“? and § € M such that 8¢ < 8 for any
¢ € B. Now consider the collection (V' (felj0,57, Fe N ([0, 8] X X),€))¢en of open sets
in Cs([0, 8] x X). By induction hypothesis there is C € [B]“2 for which any two
elements of (V'(feljo,5xx, FeN ([O, B] x X) ,€))eec have non-empty intersection. We
claim that the same is true for (V(fe, Fe,€))ecc. For this purpose, let £ and £’ be
arbitrary elements of C. Let g € C5([0, 8] x X) and h € C5(X) be such that:
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® gc V(ff|[0,ﬂ]><XaF§ N ([Oaﬂ] X X),G) ﬂv(ff/ho,,@]XXaFf/ N ([Oaﬂ] X X),E),
o heVihe Ag, 5) NV (he, Ag5).

As [0,8] x X and [8+ 1,7] x X form a partition of [0,7] x X into clopen sets,
then the function f : [0,7] x X — R given as:

gleyz) fa<p
h(x) ifa>p
belongs to Cs([0,v] x X). To finish, let (a,z) € Fe. If o < 8 then |f(a,z) —
fela, )| = |gla, z) — fe(a,x)|] < e. On the other side, if o > 3 then
(e, ) = fea, 2)| =[h(z) = fe(a, )]
=[h(x) = fe(v,2) + fe(v,2) = fe(a, o)
<[h(z) = he(@)| + | fe(v, @) = fe(a, 7))

<€+6
2 2

f(Oé,iC) =

= €.

In this way, we showed that h € V(fe, Fe,€). Analogously, we can show that
h € V(fe,Fer,€) so we are done.

Second case. If cof(y) > w. By the weak A-system lemma, there are B € [A]*2
and a countable R C [0,~] for which {G4}aep is a weak A-system with weak root
R. Since the closure of countable set os [0,~] is again countable, we can suppose
without loss of generality that R is closed and has at least two points. A v has
uncountable cofinality and R is countable, it must happen that ~ is an isolated
point of R. In this way, 8 := max(R\{7}) is well defined and is an ordinal strictly
smaller than . As in the previouse case, we use the induction hypothesis to find
C € [B]*2 so that any two elements of (V/(felj0,5xx, Fe N ([0, 5] x X),€))eec have
non-empty intersection. As in the previous case, we claim that the same holds for
(V(fe, Fe,€))ec. Indeed, let € and £ be arbitrary elements of C. Note that v is an
isolated point of both G¢ and G¢ . In this way, He := (Gg n[g+ 1,7)) x A¢ and
He (Ge N[B+1,7)) x A are both closed subsets of [0,~] x X. Furthermore,

HE n HE/ Q(Gg N Gg/ n [ﬂ,’}/)) x X
Q(Rﬁ [ﬂ,”y)) x X = 0.
Let g € Cs([0, 8] x X) and h € Cs(X) be such that:

® g € V(f§|[0,,8]><XaF£ N ([Oaﬂ] X X),E) mv(ff’ho,,@]xXaFf’ N ([Oaﬂ] X X),E),
e he V(hE,Ag,g)ﬂV(hg/,Ag/g).

As He, Her, ({’y} X X) N (Fg UFg/) and ([0, B] x X) N (FE UFg/) are pairwise disjoint
closed sets, the function h : Fe U Fzr — R defined as:
glevw)  fa<p
(o z) = fela,z) zf (a, z) € He
fg/(Oé,I) Zf (04,17) € Hf/
h(x) ifa=~

Is continuous. Furthermore , the domain of h is compact which means that we

can use the Tietze-Urysohn extension Theorem to find h € C4([0,~] x X) which
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extends k. By arguing in a similar manner as in the case where cof () = w, we can
conclude that i € V(fe, Fe,€) NV (fer, Fer, €). This finishes the proof. O

In Theorem 5.6 of [16] it is proved that d(Cs(X)) = w whenever X is a compact
metrizable space. Hence, by the point (1) of Proposition we have the following
corollary.

Corollary 5.8. Let X be a compact metrizable space. Then Cs([0,7] X X)) is wa-
Knaster for each ordinal . In particular, ¢(Cs([0,7] X X)) = w if v is countable,
and ¢(Cs([0,v] x X)) = w1 if v is uncountable.

Proof. The first assertion is a consequence of Theorem (.71 The second assertion
follows from Theorem [5.11 O

Corollary 5.9. Let n € w and vo,...,7v, be an arbitrary collection of ordinals.
Then C([1,<,10,7]) is wa-Knaster. In particular, ¢(Cs([[,<,[0,7%])) = w if for
each i < n, ~y; is countable, and c(Cs([];<,,[0,7i])) = w1 if there is i < n such that
i 18 uncountable. a

Proof. The proof is carried by induction over n. For the case where n = 0, let X
be a space with only one point. X trivially satisfies the conditions of Theorem (.7
This means that Cs([0,70] X X) is we-Knaster. As C([0,vo] x X) is homeomorphic
to Cs([0,70]), we are done. Now suppose that we have proved the corollary for some
n and let yp...,vn4+1 be distinct ordinals. By induction hypothesis we have that
Cs(I11<i<n[0,7:]) is wp-Knaster. It is well known that [ [, ,-,,[0, 7] is w-bounded,
so by Theorem [5.7] we have that Cy([0, o] x ngignﬂ[(),:yi]_) = Cs([Ticp 1[0, 7))
is wo-Knaster. This finishes the proof of the first part. The second part can be
proved in a symilar way than the proof of Corollary O

Corollary 5.10. Let v be an ordinal, then ¢(Cs([0,7])) = w if v is countable, and
c(Cs([0,7])) = wa if 7y is uncountable.

Proposition 5.11. Let v be an ordinal and let X be a countably compact subspace
of [0,7]. Then Cs(X) is a continuous image of Cs(clp X ).

Proof. Let p : Cy(cljg,y1X) — Cs(X) given by p(f) = f|x. Clearly p is continuous
(and injective). We will show that it is surjective. For this, let f € Cs(X) and take
an arbitrary 8 € cljp., X\ X. Since X is pseudocompact, it must be the case that
cof(B) > w. If this was not the case, there would be a sequence in X converging to
8. Hence, that sequence would form a countable closed discrete set in X which is
impossible. As cof(8) > w we know there is a < 3 for which f|xna,s) is constant

with value rg. It is straightforward that the function f : cljo,)X — R given by:

8 = {f(ﬁ) yoex
T3 otherwise

belongs to Cs(cljo,,)X) and p(f) = f. =

As a direct consequence of the previous proposition and by the point (3) of
Proposition [5.5] we have that ¢(Cs(X)) < w; whenever X is a countably compact
space of ordinals. So, we have:

Corollary 5.12. If X is a countably compact subspace of [0,7], then
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(1) ¢(Cs(X)) = w if and only if X is compact and countable.
(2) ¢(Cs(X)) = wr if and only if X is uncountable.
In particular, if cf(y) > w, then ¢(Cs([0,7)) = w1 .

In Corollary 5.11 of [16] it is proved that ¢(Cs(X)) > 2* whenever X is not
pseudocompact. Since pseudocompactness and countably compactness coincide for
spaces of ordinals, we have the following corollary.

Corollary 5.13. Under the negation of the continuum hypothesis, if X is a non-
countable space of ordinals, then X is pseudocompact if and only if ¢(Cs(X)) = wy.

It is still true that if X is a countably compact space of finite products of ordinals
then ¢(Cs(X)) < wy. To prove this, we will need a different aproach from the one
used in Corollary [5.12]

Proposition 5.14. Let v be an ordinal and n € w. If X C [0,7]" is countably
compact, then Cs(X) is we-Knaster.

Proof. Let (Vo)acw, be a family of nonempty open sets in Cy(X). Without loss of
generality, there is €, > 0 such that each V, is of the form V(fy; Fa;€,) for some
fo € Cs(X) and F,, closed and separable in X. Let us fix a € wy. Since F, is closed
in X, then F, is countably compact. Furthermore, since F, is separable and it is
a subspace of [0,7]™ it is nessesarily countable. This means that F,, is compact,
which in particular means that it is closed in [0,v]™. Hence, by the Tietze-Urysohn
extension Theorem there is g, € C5([0,7]") extending fo [ Fo. As Cs([0,7]™) is
wo-Knaster, there is A € [w2]*? such that V(ga; Fusea) NV (gs; Fp;ep) # 0 for all
a, B € A. To finish the proof, just note that if h € V(ga; Fua;€a) NV (gs; F3;€5),
then h [ X € Vo, N V3. O

Unfortunately there are pseudocompact subpaces of finite products of ordinals
which fail to be countably compact. This means that we cannot use the same
argument as before to generalize Corollary [5.13l This leaves us with the following
problem.

Problem 5.15. Is it consistent with the negation of the continuum hypothesis that
there is a pseudocompact subspace of finite product of ordinals, say X, such that
c(Cs(X)) > 2v7

As a corollary of Theorem 7.18 of [15] we have that ¢(Cs([0; ]")) = & for each
cardinal k. On the other side ¢(C;[0, k]") = w; for each n € w, due to Corollary
B9 Thus, it is natural to ask about the situation in intermediate products. In
particular, we ask the following.

Problem 5.16. Which are the values of ¢(Cs([0,w2]*)) and ¢(Cy([0, w2]*1))?

The reader interested in knowing more about topological properties over prod-
ucts of ordinals may wish to search for [8] and [9].
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